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¦;tLgix
(e1, e2, e3)
DW\tvgeLncbcRTewgTeLnkUtvilnktLUWJevl
R
3
  hjbkRTeLTbewakaAeLl;fLW3gTWVnztvhbp`L¦5£  T3     t :
c1' t  ¤ %'&(  ¤)\¤  )    D\QRTW [+] eLlAt=acW#b\evlAacuTRTWVnkW3a;*hjbkR tLhfLgTW)x d#W3g5bcWVnzaJha bcRTWhgTW
fweLhgTfbcRTnkeLTfwR=bkRTW3acWyd#W3gwbkWVnzaV
s   &  * )X ¤+) ¤ =, t      -
 W DW3fLhg 6` ncW35hW*hgTf bcRTWx:W3akd#nkhu:bcheLg/eLlbcRiW dVeLUXUXeLg bztvgTfwWVg5bhgiW3abce leLTn>acuTRTWVnkW3atLa
aceL:bkhewgiaevltu-eL`5gieLUXhtL?aP`:aPbcWVU¦Ttwahg , .+  W\ncW3uTncW)aPW3g5bthgTW\hg
R3
6`hbkadVe5aPW)apbuDewhg5bbce
Î½©ÎµÑ
 
	 !
R3
}
bkRTWewnchfLhg
p ∈ R3
tvgixhbkaJx:hnkW3d#bcheLg>wW3dÅbkeLn
v ∈ P2(R)
@J;W#b
M
x:W3gTevbkWybcRiWUtbknch7>
[c2, c3, c4]
TtLgix
Φ0
tvgix
Φ2(v)
-W\bcRTWywW3d#bceLnza
Φ0 =


|c2|
2 + r21 − r
2
2
|c3|
2 + r21 − r
2
3
|c4|
2 + r21 − r
2
4

 , Φ2(v) = −


(c2 · v)
2
(c3 · v)
2
(c4 · v)
2

 .
       	k 9{!K=op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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?bV0=W\
S1, . . . ,S4
 XcST 9{V0h
(p, v)!
R3 × P2(R)
3b Xn Vh
p · v = 0,
p 
|p|2 = r21 ,
' 
2|v|2Mp = Φ2(v) + |v|
2Φ0.
N-
  ¤¤)  r/dVeLTuTW
(p, v) ∈ R3×P2(R)
ncW3uTncW)aPW3g5bka~t\hgTW hjl;tLgixeLgT`hl < 5itbkhewg p% h¨a actvbch¨apDW3x?
rÒhgTW
(p, v)
h¨abztvgTfwWVg5bFbke=aPuiRTWVnkW
Si
hjlAtLgixeLgT`hjl hbkaJa 5itLncW)xxThaPbktLgid#Wybke
ci
ha
r2i
bcRDtbJh¨a3¦ihl
tLgixeLgT`hl
|(ci − p) × v|
2 = r2i |v|
2.
<>6uDtvgix:hgTfbcRihaW 5itbkhewg`6hWV¨xTa
|ci × v|
2 + |p × v|2 − 2(ci × v) · (p × v) = r
2
i |v|
2.
 
r uTuT`6hgTfbce
(ci ×v) · (p×v)
bcRTWJacd3tv¨tvn~bknchuTWFuTnke6xTidÅbAh¨x:W3gwbkhjbp`
a · (b× c) = b · (c×a)
¦5bkRTWVgbkRTW
wW3d#bceLnbknchuTWuince:x:id#bhx:W3g5bchbp`
a × (b × c) = (a · c) b− (a · b) c
tvgix=igitL`=iachgTfm< 5itbkhewg c 
*W\fLWVb
(p × v) · (ci × v) = ci · (v × (p × v)) = ci · ((v · v) p − (v · p) v) = |v|
2 ci · p.
_:hgidVW
p
tvgix
v
tvnkW\eLncbcRTewfLeLgDtv+¦
|p × v|2 = |p|2|v|2
tLgix=bcR6ia < 5itvbcheLg+ DW)d#eLUXW)a
2|v|2ci · p = |ci × v|
2 + |v|2(|p|2 − r2i ).
rJa
|ci × v|
2 + (ci · v)
2 = |ci|
2|v|2
¦*Wigitv`=fLWVbbcRitvb
2|v|2ci · p = −(ci · v)
2 + |v|2
(
|ci|
2 + |p|2 − r2i
)
.
'} 
<wDtbcheLg '}-lewn
i = 1
haW wihtvWVg5bJbce%< 5itbkhewg + JaPhgid#W
c1
haJbkRTWXeLnkhfwhg eLl bcRiWlnztvUXWLyq b
lewe*Fa bcRitvbJbkRTWlewTn\W5itvbcheLgia '}-lewn
i = 1, . . . , 4
tvnkWW wihtvWVg5bbcebcRTWb3*eW wDtbcheLgDa + 
tLgix N-#

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~
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QRTWtLuTuTnkewtLdzRiaPW)xbkeyaPRTe*bkRitb hg:igihjbkWV`Utvg6`\bktLgTfLW3gwb hgTW)abceyacuTRTWVnkW3a d3tvgewgT`RitvuiuDW3g
*RiWVg>bkRTWdVWVg5bcW3nka evl~bkRTWacuTRTW3ncW)a tvnkWtLhfLgiW3xh¨aJtwaleLe*FaV  WWVhUXhgitbkW
p
tLUXeLgTfbkRTWW5it1
bkhewgia p31N #¦:fLh5hgTfb3* ed#TnkLW)a hg=bcRTWyv§ uTnkevopW)dÅbchLWaPuDtLd#WJevlxThnkW3d#bcheLgia3¦p*RTewacW hg5bcWVnzacW3dÅbkhewg
dVeLg5bktLhgDa tv x:hnkW3d#bcheLgiatveLgifL*RTh¨dzRt=dVeLUXUXeLg>bztvgTfwWVg5bJhgiWbce=bcRTWleLinacuTRTW3ncW)aFh¨aJewiacWVnkLW3x
 WybkRTWVg>uTnkeLWJbcRDtb3¦*RTWVgbkRTWdVWVg5bcW3nkaFtLncW\gTewg01»d#eLhgTW)tvn)¦6bcRTWb3* ed#incwW3ahg5bcWVnzacW3dÅbFhg>tigThbcW
g6TUDW3nevl uDewhg5bzaV
QRTW !LW3`h¨x:W)t-WVRThgix=bcRTWJuTnce6eLlNaAeLl_6W3d#bcheLg Nt6XgiWV`hgix:W3uDW3gix:W3gwbd#W3g5bcWVnza  tvgDx=_6W3d#bcheLg
'd#ewuTtLgitvnd#W3gwbkWVnza$Fha bcRDtb\hjl bkRTWb3* ed#TnkLW)aV¦-WVg66haktvfwW3x>twaJdVeLUXuTW> uTnkevopW3d#bchLWdVTnkLW3a3¦-RitLx t
dVeLUXUXeLg d#ewUXuDewgTWVg5beLlu-ewachbchLWx:hUXWVgiachewg¦bcRTh¨adVeLUXu-eLgTW3gwbc*eLixhg5bcWVnzacW3dÅbybkRTW=hUtvfwhgitLnc`
dVeLgTh¨d
|v|2 = 0
tvgDxa*WacRTe*{bkRitbbcRTh¨a\h¨aJgievb\bcRTWXdVtwaPWwq»g5bcW3nkacW3d#bchgTfbkRTWd#TnkLW*hjbkR
|v|2 = 0h¨ahgiacuThnkW3x6`=bcRTWnkWV¨tbkhewgeLl bcRTW[nztLakacUXtLgTgTh¨tvgevl hgTW)aFhg
P
3(C)
*hjbkRbcRTW
(p, v)
dVe5ewnkxThgitvbcW
ac`:apbkWVU¦0*WVtLxTtLu:bcW)x=bkebcRTWynkWVuTnkW3acWVg5bztbcheLgevlhgTW3aFhgbcRiWt6gTW\uitvncb
R3 ⊂ P3(R)

q bacRTewTx\-WAaPbcnkW3akaPW)xFbkRitbtvg6`JaceL:bcheLgbkebcRTWAuTncewTWVU eLlTdzRitvnztLd#bcWVnkh)(VhgTfacW#bza?evl6lewTn;acuTRTWVnkW3a
*hbcRhgTigThbcWV`Utvg6`bktLgTfLW3g5bhgiW3aUiaPbDW\d#ewUui:bktvbcheLgitLDbkeaceLUXWJW>6bcW3gwb)¦:DW)dVtLiaPW *RThW=* W
tLncWhg5bcW3ncW)apbkW3xhg=ncW)tvThgiW3a3¦LbkRTWjQPgitbkhwW r aP`:aPbcWVU evl?W wDtbcheLgDa~haAeLW3n
C
 r g6`TgDx:WVnzapbztvgixThgTfyeLl
bkRTWac`:apbkWVU acRTeLT¨x>hg6LeLLWaPW3giaPhbch6hjbp`bked#ewUXuTW> x:WVfwWVgTW3nktwd#hW3a3Fq»gewTn uTnke6evlp¦?d#ewUXuT:bktvbcheLgia
 e* bke*tLnkxiaFnkWVLW)tvhgifaPidzR d#eLUXuTW> x:W3fLW3gTWVnztLdVhW)aV¦DT:bytvnkWacRTeLncbg1»d#hnkdVThbcW3x6`iacWeLl ncW)tvhjbp`
twacacTUXu:bkhewgiaV
  Ú!# 
 &  
 W\inzapbhg6LW3aPbchfwtvbcWJbcRTWd3tLacW\evlacuTRTW3ncW)aC*hjbkR>t6gTWV`hgix:W3uDW3gix:WVg5bJdVWVg5bcW3nka3
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  ¤¤)  hnzapb\gTeLbcWbkRitbyUtbknch7>
M
h¨aJhg6LW3nPbkhTWachgid#WbcRTWacuTRTWVnkW3aJRitMwWt6gTW3`hgix:W3uDW3gix:WVg5b
dVWVg5bcW3nka3 Y eLgiach¨x:WVnkhgif
(p, v)
hg
R3 × P2(R)
¦*WRitMwW
|v|2 6= 0
tvgixbkR5Da@< 5itvbcheLgia p%1N  tvnkW
W 5ThtLW3gwbbkebkRTW\bcRincW3WyW5itbkhewgia
p = M−1
(
Φ2(v)
2|v|2
+
1
2
Φ0
)
,
N-
(
M−1
(
Φ2(v) + |v|
2 Φ0
))
· v = 0,
WG"
∣
∣M−1
(
Φ2(v) + |v|
2 Φ0
)∣
∣
2
= 4r21 |v|
4.
A-
<wDtbcheLg '  W>:uTnkW3akacW3abcRTW uDewhg5b
p
hgXbkWVnkUa evl-bcRTW xThnkW3d#bcheLgLW3d#bcewn
v
¦Luince6hgTf bkRitb~bkRTWVnkWh¨a tb
UXe5apb;ewgTWAhgTW bztvgTfwWVg5bbce bcRTWAleLTn acuTRTWVnkW3a *hjbkRtfwhwWVgx:hncW)dÅbkhewgQRTW ncW3UtvhgThgifFW5itvbcheLgiatvnkW
td#Tihd WG AtLgixt wDtvncbch¨d A  hg
v
¦:tvgixbcRTW3hnhgwbkWVnzaPW)dÅbkhewgncW3uTnkW3acWVg5bkaAbcRTW\x:hncW)dÅbkhewgia
v ∈ P2(R)tLewgTf *RTh¨dzRbcRiWVnkW h¨aAtybztvgTfwWVg5b bkebcRiWFleLin acuTRTWVnkW3a3  W=*tLg5b bceuTncewWbcRitvbAbkRTWJdVTTh¨d tvgDxXbcRTW
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¸z®'­~ºpÌM¼ ¸z°¸z®;¹;ª ³ °MÌ³M®N­P­ ¸z¼¬ª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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R3
G
5itLnPbkhdhg5bcWVnzacW3dÅbhgtvbFUXewaPb\MuDewhg5bkahg
P2(R)
 ieLnbcRDtbuTTnkuDe5aPW*WyuTnkeLWFbkRTh¨auTnkeLu-WVncbp`hg
P2(C)
¦T6`=d#ewgwbknktwx:h¨dÅbcheLg;
q l bcRiWd#TTh¨dtLgixbcRTW 5itLnPbkhd\RitMwW\hg
P
2(C)
td#ewUXUewgdVeLUXu-eLgTW3gwbFeLlu-ewachbchLWx:hUXWVgiachewg¦
bkRTh¨aJdVeLUXuDewgTWVg5b hg5bcW3nkacW3d#bkabkRTWXd#eLgihd
|v|2 = 0
DbkRTh¨a h¨aJtuTncewuDW3nPbp`evl tLg5`b3*e=d#incwW3ahg
P2(C)*RihdzRx:e6W3agTeLbxThacuT:bkW\bcRTWlNtLd#bbcRitvbbkRTWynkW3tv?aceL:bcheLgDa eLlq< 5itvbcheLgia ' 1A actvbch¨apl`
|v|2 6= 0

 WygTe* uTncewW bkRitbbkRTWyhgwbkWVnzaPW)dÅbkhewghg
P2(C)
eLl;bkRTWd#TihdG"#¦:bcRTW 5itLnPbkhd hA-tvgDxbkRTWd#ewgThd
|v|2 = 0
h¨aW3UuTbp`L QRTh¨aaP`:aPbcW3U aPhUXuThjiW)abce



|v|2 = 0,
(M−1Φ2(v)) · v = 0,
|M−1Φ2(v)|
2 = 0.
QRiWinkaPb~b3*eW 5itbkhewgia W>:uTnkW3akabcRTWlNtwdÅb bkRitb
M−1Φ2(v)
ha~ewgbcRTWbztvgTfwWVg5bAtb
v
bke\bcRTWFacUXe6evbcR
dVeLgTh¨d
|v|2 = 0
¦6tvgixbkRTWJ¨tLaPb bkRitb
M−1Φ2(v)
h¨a hjbzaPW3jlewgbcRitvbdVeLgTh¨dv q bAlewe*Fa~bkRitb
M−1Φ2(v)tLgix
v
tvnkW\eLgTWytvgDxbkRTWactLUXWuinceLopW3dÅbkhwWJu-eLhg5b3 QR6iabkRTWVnkW\W>:h¨apbza
µ 6= 0
hg
C
acidzRbcRitvb
M−1Φ2(v) = µ v,
bkRitbFh¨a
Φ2(v) = µ Mv.
<>6uDtvgix:hgTfbkRTh¨a ¨tLaPb W5itLhbp``5hWV¨xTa
−(ci · v)
2 = µ ci · v
¦-leLn
i = 2, . . . , 4
¦*RihdzR>hUXuThW3a bcRDtb
W3LW3nc`XbkWVnkU
ci · v
ha
0
ewn
−µ
 QRihaW3twxTabce
Mv = −µ


a2
a3
a4


E-
*RiWVnkW W3twdzR
ai
haW5itLibke
0
eLn
1
?JWVb
a
xTWVgTeLbcWJbcRTWLW)dÅbcewn eLlbcRiW
ai
~m ifLfLhgTf
v = µ M−1a
hg
bkRTWyW5itvbcheLgevlbcRTWdVeLgTh¨d
|v|2 = 0
`6hW3xTa
µ2
∣
∣M−1a
∣
∣
2
= 0.
QRiWLW)dÅbkeLn
M−1a
h¨a nkW3tL'¦DbcR6ia
µ = 0
eLn
a = 0
Jq»g DeLbcRd3tLacW3a3¦< 5itvbcheLg hE FhUXuThW)a
v = 0

QR6ia bcRiWVnkWh¨a gTed#ewUUXewgaPewTbcheLg hg
P
2(C)
leLnFbkRTWXaP`:aPbcWVU eLl bcRTWd#ewgThdL¦-bcRTWXd#Tihdtvgix bcRTW
5itLnPbkhdL¦6RTWVgidVWbcRTWdVTTh¨d G"tvgDx
5itLnPbkhd A  d3tvgTgievbhg5bkWVnzaPW)dÅbhgtXd#TnkLWw ` W(3eL:b aQRiWVe1
nkWVU¦:bkRTWV`hgwbkWVnzaPW)dÅbFhg tbFUXewaPb
12
u-eLhg5bka3¦DtvgDxachgid#WybkRTWVnkWyh¨aFtb UXe5apbFewgTWyhgTWybztvgTfwWVg5bbcebcRTW
lewTnFacuTRTWVnkW3aC*hbcR>tfLhLW3gxThnkW3d#bcheLg5`N< 5itbkhewg '-Å¦TbcRTh¨aFd#ewUXuTWVbcW)abcRTWyuTnke6evlp

  y #y &
 WXgTe*{bkncW)tbbcRTWXUXeLnkWhg5bcnkhd3tbkWd3tLacWevl leLTnyacuTRTW3ncW)a *RiewacWdVWVg5bcW3nka\tvnkWdVeLuT¨tvgDtvnT:baPDdzR
bkRitbFgiebkRTnkWVWyd#W3gwbkWVnzatvnkWtLhfLgiW3x?
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|K Y i y/%=/@W` 9Hy
ST-:
©© °}~ÅÙ~
A  ?: ;ST\e:@Z+ZS k:
	qI Y  k:
 h! UT
J;W#b
(p, v) ∈ R3 × P2(R)
nkWVuincW)aPW3gwbthgiW>bktLgTfLW3gwbbkebcRTWlewTn=acuTRTW3ncW)a
S1, . . . ,S4
  `
J;WVUXUt6¦
(p, v)
h¨aaceL:bcheLg eLlC<wDtbcheLgDa P1N Å r ahg _6W3d#bcheLg T¦2*W=aPbktvncb6` W>6bcnztLdÅbkhgif
lnkeLU bcRTW)aPWyW wDtbcheLgDaAb3*eXW5itvbcheLgiahg
v

 hbcRTew:b~e5acaeLlifLW3gTWVnztvhjbp`w¦/* WUtM`\twacacTUXW bkRitb bkRTWacuTRTW3ncWd#W3g5bcWVnzaaPuitLgbkRTWuTtLgTW
(e1, e2)
P
M =


c21 c22 0
c31 c32 0
c41 c42 0

 .
J;W#b
M12
DW\bkRTW
2 × 2
TuiuDW3nFWVlµb aPi01+Utvbcnkh{>=eLl
M
¦0*RTh¨dzRhahg6LW3nPbkhTWyaPhgidVWgiebkRTnkWVWd#W3g5bcWVnza
tLncWtvhfwgTW3x?#TeLn\tvg6`LW)dÅbcewn
a
¦DW#b
a12
-WbcRiWwW3dÅbkeLn bcRitvbd#ewgiachaPbka evl~bcRiWinzapbJb3* e=nce*Fa evl
atLgix
a3
-WyhbkabkRThnzxnce*y
J;W#bFiaDnkaPbFtLakaPTUXWbcRDtb
v3 6= 0
 q bleLe*FalnkeLU
p · v = 0
bcRDtb
p3 = −
p12 · v12
v3
,
P3-
tLgix
p12
hadzRitLnktwdÅbkWVnkh7(3W3xDaPhgTfm< 5itbkhewg+N P
2|v|2p12 = M
−1
12
(
(Φ2(v))12 + |v|
2 (Φ0)12
)
.
J;W#b
Ψ2(v) = M
−1
12 (Φ2(v))12
tvgix
Ψ0 = M
−1
12 (Φ0)12
rJa
Φ2(v)
tvgix
Ψ2(v)
x:egievbJx:W3uDW3gixeLg
v3
¦*WUtM`L*nkhbcWbcRTW3U twa
Φ2(v12)
tvgix
Ψ2(v12)
AQRiWVg
2|v|2p12 = Ψ2(v12) + |v|
2Ψ0.
PL 
_:TiaPbchbc:bkhgTfXbkRTWyW>:uTnkW3akachewg=evl
p3
lnkeLU < 5itbkhewg P3 hg < 5itbkhewg +"fLhLW)a
|p12|
2 +
(
p12 · v12
v3
)2
− r21 = 0.
QRiWVgUTbchuT`5hgTfX6`
4|v|4v23
tvgDxacTiaPbchbc:bkhgif
2|v|2p12
6`hjbzaW>:uTnkW3akaPheLglncewU < 5itbkhewg PL 
fwhwW3a bcRiW\leLe*hgTfaPW>6bch¨dJW 5itbkhewghg
v
P
v23 |Ψ2(v12) + |v|
2Ψ0|
2 + ((Ψ2(v12) + |v|
2Ψ0) · v12)
2 − 4|v|4v23 r
2
1 = 0.
pM 
ieLnFtvg6`
p, q
hg
P3(C)
¦*WyRitMwWL¦66`bcnztvgiacu-ewachjbkhewg P
(Mp) · q = p · (MT q).
J;W#b
ω
DW\tgieLg01(VW3nce !wWVnkgTWV-LW)dÅbkeLnAeLl
MT
 QRTW3g
(Mp) ·ω = p · (MT ω) = 0
 _6TiaPbchbcTbchgTfbcRTW
W>:uTncW)acacheLg=eLl
Mp
lncewU < 5itvbcheLg N Å¦*W\eL:bztvhg=bkRitb
v
UiaPbFDWyewg=bkRTW\leLe*hgTfXd#ewgTh¨dP
Φ2(v12) · ω + |v|
2Φ0 · ω = 0.
p)-
 evbch¨d#WbkRitbc< 5itvbcheLgia P) tLgix P3 #¦;ew:bktLhgTW)x>lewn
v3 6= 0
¦tvnkWaPbch~tLh¨x lewn
v3 = 0
6`
dVeLg5bchg6Thbp`L  W\bkR6iafLWVbbcRTW\lewe*hgifWVUXUtT
Î½©ÎµÑ
 
	 !
R3
E
         	k Y !TSW
v ∈ P2(R)
3b=e9{!Kop+5X2bV0@W
S1, . . . , S4
h]X_j
Xc[+WSN Y XnS\S	
:
       bmX\[+hS  Y X'S\S
  Y n!=zST@k=3b;/!W!y/ Y !
gbnST 9HV0We!
P2(C)
iC! ! !T\She!STS
|v|2 = 0
 Y ^e!
v
! X
!TTSWzh]X_ 
∃λ ∈ C, Ψ2(v12) = λ v12
PV 
Φ2(v12) · ω = 0.
P)} 
  ¤¤)  q l2< 5itvbcheLgia P)"tLgix p3-aPRitLncW\tXd#ewUu-eLgiWVg5bFevluDe5aPhbchLWyx:hUXWVgiachewghg
P2(C)
¦:bkRTWVg
bkRTh¨ad#eLUXu-eLgTW3g5b3¦TacWVWVgtLatXd#TnkLWevl
P2(C)
¦ThgwbkWVnzaPW)dÅbzaAbkRTWyd#ewgThd
|v|2 = 0
?JWVb
v ∈ P2(C)
-Wyhg
bkRTh¨a hg5bcW3nkacW3d#bcheLg QRTWVgN< 5itbkhewg p) ADW)d#eLUXW)a < 5itvbcheLg P)}-Å  e*y¦6hb lewe*Fa~lnkeLU
|v|2 = 0bkRitb
v23 = −|v12|
2
¦itLgix=bcR6ia < 5itvbcheLg+pM"-W3d#ewUXW3a
−|v12|
2|Ψ2(v12)|
2 + (Ψ2(v12) · v12)
2 = 0.
_:hgidVW
|x|2|y|2 − (x · y)2 = det(x, y)2
leLn tLg6`
x, y ∈ C2
¦ybkRTW W5itvbcheLg^h¨a W5ThtvWVg5b>bce
det(v12, Ψ2(v12)) = 0
*RTh¨dzR haXW wihtvWVg5bXbce < 5itvbcheLg p3 
v
haXewg
|v|2 = 0
ace * W>d3tvg01
gievbRitMLW
v12 = 0
Å

q»gbcRTWlewe*hgife*WdVeLgiachxTWVnbcRTWydVWVg5bcW3nka
c1 = 0, c2, c3, c4
twav§ uDewhg5bza h+ Ww¦0*W lewncfwW#bbcRTW
bkRThnkxd#e6eLnzx:hgitbkWL¦p*RTh¨dzRha
0
Å TewnFtvg6`LW)dÅbkeLn
x ∈ R2
*Wyx:WVgievbcW\6`
x⊥
hbkaewnPbkRTeLfweLgitLDwW3d#bceLn
ew:bktLhgiW3x5`tnkevbztbkhewgeLltvgifLW
π/2

       bVhe Y  y/ nSTnmN9HV0h
v12
!
P
1(C)
iq!2VpqW]!bT^
v12 = c
⊥
i
 Y
v12 · (cj − ck) = 0
iC`?!X
{i, j, k} = {2, 3, 4}
`q0S\-!;K9Hm!
c1
i
c2
i
c3
i
c4e!cyWSTegbcLW\ Z Y |:
  ¤¤)  incewU
MT ω = 0
*W\fLW#b
MT ω =
(
MT12 c4
0 0
) (
ω12
ω3
)
=
(
MT12ω12 + ω3c4
0
)
= 0.
QR6ia
ω12 = −ω3(M
T
12)
−1c4
tLgix
ω3 6= 0
evbkRTWVn\*h¨aPWw¦
ω12 = 0
bcR6ia
ω = 0
d#eLg5bknktwx:hd#bchgTfhjbza
xTW#igThbcheLgÅ  e*y¦ *Wd3tvg *nchbcWn< 5itbkhewg P)}"twa
(Φ2(v12))12 · ω12 − (c4 · v12)
2ω3 = 0,
tvgix
acTiaPbchbcTbchgTfeLTnW>:uTncW)acacheLg=eLl
ω12
`6hWV¨xTa
−ω3 (Φ2(v12))12 · ((M
T
12)
−1c4) − (c4 · v12)
2ω3 = 0,
*RihdzRaPhUXuThjiW)aV¦i5`bcnztvgiacuDe5aPhbcheLg;¦:hg5bce
(M−112 (Φ2(v12))12) · c4 + (c4 · v12)
2 = 0.
B WVgidVWL¦itLgW 5ThtLW3gwbW>6uincW)acachewglewn < 5itbkhewg P)}"h¨aZP
Ψ2(v12) · c4 + (c4 · v12)
2 = 0.
p)-
©© °}~ÅÙ~
)  ?: ;ST\e:@Z+ZS k:
	qI Y  k:
 h! UT
_:TiaPbchbc:bkhgTf
Ψ2(v12) = λv12
lnkeLU < 5itbkhewg PV  hg5bce p) W3tLxiabce
(c4 · v12)
2 = −λ c4 · v12.
 `>taPhUXh¨tvnncW)tLaceLgThgTfD¦*Wd3tvg W>6uincW)aca bcRTWXd#ewgTh¨d P)}" iachgTf
c2
eLn
c3
hg W>:uTnkW3akaPheLgiaJaPhUXh¨tvn
bkem< 5itbkhewg P3 #¦itvgDxbkRTWtv-eLWytvnkfLiUW3g5b`6hWV¨xTabcRitvbZP
(ci · v12)
2 = −λ ci · v12, i = 2, 3, 4.
pG"
q l
ci · v12 6= 0
lewn
i = 2, 3
¦1tLgix
4
bcRTW3g
(c2 − c3) · v12 = (c2 − c4) · v12 = 0
tLgix?¦?aPhgidVW
c2
¦
c3tLgix
c4
tvnkWgTeLb\tLhfLgTW)x?¦
v12 = 0
d#ewgwbknktwx:h¨dÅbchgTf
v12 ∈ P
1(C)
 BFWVgDd#WL¦
v12
UiaPb-WewnPbkRTeLfweLgitL
bkeaceLUXW
ci
¦
i ∈ {2, 3, 4}
_6hgid#W
v12 ∈ P
1(C)
¦ *Wd3tvg tLakaPTUXWbcRitvb
v12 = c
⊥
i
_6hgidVWgTe=bcRTnkWVW
dVWVg5bcW3nkaytLncWXtvhfLgTW)x?¦
v12
haeLncbcRTewfLeLgDtvbce>gTW3hjbkRTWVn
cj
gTewn
ck
¦ *hbcR
{i, j, k} = {2, 3, 4}
QR6ia
<wDtbcheLg pG"`6hWV¨xTa
−λ = cj · c
⊥
i = ck · c
⊥
i ,
tvgixace
c⊥i · (cj − ck) = 0.
QRihaUXW3tLgia bcRitvbbkRTWyaPW3fLUXWVg5bza
c1ci
tvgDx
cjck
tvnkW uDtvnztvW31tLgixbkR6iabcRTWydVWVg5bcW3nka evlbcRTWyacuTRTWVnkW3a
tLncWJbcRiWyLWVncbch¨d#W)aevl tbknktLuDWZ(Vewhx?

        bnX[+WS %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LSTS 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 !
P2(C)
i Vhz Y 'y  97T/=h`  Y ]W!KS;9{V0h!
P1(C)
:
  ¤¤)  r akaPTUXW bcRitvbbkRTWaPW>5bkhd pM tvgix bkRTWd#eLgihd p3 =acRitLncWt d#ewUu-eLgiWVg5beLluDe5aPhbchLW
xThUXWVgDaPheLgQRTWVg 6`aJW3UUtwaytLgix G6¦ < 5itbkhewgiap3-tvgix pM}"tLx:UXhbtdVeLUXUXeLgaPew:bkhewg
v12 = c
⊥
i
leLn
i = 2, 3
¦Lewn
4
  `nkWV¨tv-WVhgTfhjl;giW3d#W)acaktvnk`L¦+* WdVtLg=tLakaPiUW
v12 = c
⊥
4
A_6TuTu-ewacWL¦wleLn
tXdVeLg5bcnztLx:h¨dÅbkhewg¦5bcRitvb
c⊥4
habkRTWyTgTh5TWd#ewUXUewgaceL:bkhewgeLlq< 5itvbcheLgia PV-tLgix p)}-Å
 ` JW3UXUXt T¦tvg6` u-eLhgwbhg bkRTW hg5bcW3nkacW3d#bcheLg eLlbcRiW dVeLgTh¨d
|v|2 = 0
tLgix bkRTW d#ewUUXewg
dVeLUXu-eLgTW3gwbevlbkRTWacW>6bch¨d P)"tvgDxbcRTWd#ewgTh¨d p) aktbkhaPiW)ac< 5itvbcheLgiap3-tLgix P)}"# QR6ia
tLg6` acidzR u-eLhg5baktbkhaPiW3a
v12 = c
⊥
4
tvgDx
|v|2 = 0
¦ tvgix haW5itLAbke ewgTW=eLlbcRTWb3* e uDewhg5bzaeLl
dVe6eLnzx:hgDtbcW)a
(c⊥4 : ±i|c4|)
jB WVgidVWybcRTWdVeLUXUXeLg>d#ewUXuDewgTWVg5b d#ewg5bktvhgiatvbFW)tLaPbFeLgTWyeLlbkRTW3acWyb3*e
u-eLhg5bka3
QRTW\d#ewUXUewg=d#ewUXuDewgTWVg5b eLlbcRiWacW>6bch¨d P)-AtLgixXbcRiWdVeLgTh¨d P3-Ah¨aAW3hjbkRTWVnbcRiWdVeLgTh¨dFhbkacWVl;eLn
thgTWLq»gbkRTW¨tbcbcW3nJdVtwaPWw¦:bcRiWW5itvbcheLg>eLlbkRTWhgiWh¨aFnkW3tv;DW)dVtvDaPWeLbcRTW3n*h¨acWyhjbzaJdVeLgopTf5tbkWyha
tLacedVeLg5bktLhgiW3xhg=bkRTWyd#ewgThdJtvgix=hgbcRiW\acW>6bkhd NachgDd#WJbcRTW3hnW5itvbcheLgiatvnkWncW)tv 5bcRTW\acW>6bch¨dFbkRTWVg
dVeLg5bktLhgDabcRTWdVeLgTh¨dv¦*RTh¨dzRdVeLnkncW)aPu-eLgDxTabceXbkRTWyinzapb d3tLacWL BFWVgDd#WybkRTWW5itvbcheLgevl bkRTWd#ewUXUewg
dVeLUXu-eLgTW3gwbyh¨a\ncW)tv~hgDeLbcR dVtwaPW)aVXQR6iaV¦aPhgidVWbkRTWd#ewUXUewg dVeLUXu-eLgTW3gwbdVeLg5bktLhgia\ewgTWXevlbcRTW
b3*eXuDewhg5bza
(c⊥4 : ±i|c4|)
¦Thb tv¨acedVeLg5bktLhgiahbka d#eLgvopTfwtvbcWL¦:RiWVgidVWJbkRTW\b3*eu-eLhg5bka3
 WgTe*{x:h¨akdVtvnzxbcRTWdVtwaPW *RTW3ncWbcRTWd#eLUXUXeLg>dVeLUXuDewgTWVg5b h¨a bcRTWdVeLgTh¨dy6`x:WVnkh6hgTf=tdVeLg01
bknktwx:h¨dÅbcheLg'*hjbkRewTntLakaPiUuTbcheLgbkRitbgTebcRincW3W\dVWVg5bcW3nkatLncWd#eLhgTW)tvn) q l;bcRiW\dVeLgTh¨dJhadVeLg5bktLhgTW)x
hgbcRTWacW>6bkhdL¦:hjbFUXWVWVbka
|v|2 = 0
hgbcRTW\b3*eXuDewhg5bza
(c⊥4 : ±i|c4|)
¦*RTh¨dzRtLncWbcRiWVnkW#leLnkWbktLgTfLW3gid#`
Î½©ÎµÑ
 
	 !
R3
w
u-eLhg5bka3AQRTh¨aFUXW3tLgiabcRDtb;< 5itvbcheLg+p) Å¦*RTh¨dzRh¨aewTn d#ewgTh¨dJUXe:x
|v|2 = 0
¦TRitwaFtx:ewTTWynce6evb
tvb
v12 = c
⊥
4
_6hgidVWtvg6`=x:W3fLnkWVW1'b3*eu-eL`6gTeLUXh¨tvhg
v12 ∈ P
1(C)
bcRitvb RitLa
c⊥4
tLax:ewTTWnke5eLbha
uincewuDewnPbkhewgitvDbce
(c4 · v12)
2
¦*W\fLWVbbcRitvb
Ψ2(v12) · c4 = α(c4 · v12)
2
lewn=aceLUXW
α ∈ C
tvgix tL
v12 ∈ P1(C)
Y eLUXuT:bkhgif
det(M12)M
−1
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fLhLW3abkRTW Utbknch7> *hbcR
dVeLTUXgia
[−c⊥3 c
⊥
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¦6bcR6iaFeLTnW wDtbcheLg-W3d#ewUXW3a
Ψ2(v12) · c4 =
1
det(M12)
[(c⊥3 · c4)(c2 · v12)
2 − (c⊥2 · c4)(c3 · v12)
2] = α(c4 · v12)
2.
_:hgidVW bkRTWleLTndVWVg5bcW3nka leLnkU tbcnztvu-W(VewhxN* WRitMwW
c4 = ν(c2 − c3)
leLnaceLUXW
ν ∈ R3
 sWVuT¨tLdVhgif
c4
5`=hjbzaW>:uTnkW3akaPheLgtvgixachUXuThjl`6hgTf6`lNtLd#bcewn
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⊥
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`6hWV¨xTa
(c2 · v12)
2 − (c3 · v12)
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lewnFaPewUXW
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⊥
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⊥
3
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(c2 · c
⊥
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tLgix
c3
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tLgixbcRiW d#ewgThd P3  ha tyhgTWwQRihaAhgTWJdVeLg5bktLhgDabcRTW b3* eyu-eLhg5bka
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bkRTWuDewhg5b
(c⊥4 : v3)
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tLg W 5itbkhewg hg
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v12 = c
⊥
4
UiaPbyMtLgTh¨aPRq»g uitLnPbkhdVTtLn\bcRTW
dVeLgiaPbktLg5btvgDxXbcRTWydVe5W6d#hWVg5b eLl
v23
UXhg6ia
|c4|
4
bchUXW3a bcRTW\d#e6W6dVhW3g5b evl
v63
DeLbcRtvgTh¨aPRtvgixtvnkW
W 5itv1bke
Ψ2(c
⊥
4 ) · c
⊥
4 + |c4|
2Ψ0 · c
⊥
4 = 0,
|Ψ2(c
⊥
4 )|
2 + 2|c4|
2Ψ2(c
⊥
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Ψ2(c
⊥
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⊥
4
*hjbkR
λ = −c2 · c
⊥
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⊥
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
QR6ia3¦6bcRiWyncW3tvbcheLgia-W3d#ewUXW
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2(λ + Ψ0 · c
⊥
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⊥
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_:hgidVWgTebcRTnkWVWd#W3g5bcWVnza tvnkWtvhfwgTW3x?¦
λ 6= 0
tvgix
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2 6= 0
¦LtLgixbkRTW3acWb3* eW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λ = 0
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tXdVeLg5bcnztLx:h¨dÅbkhewg

        	k[+WSN Y XnSTS 
NSTk?yNST@kCgb !h!y Y !l
 3bS\a9HV0W:
©© °}~ÅÙ~
M  ?: ;ST\e:@Z+ZS k:
	qI Y  k:
 h! UT
  ¤¤)  r akaPTUXW bcRitvb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eLl
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⊥
4 }
  `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aceL:bkhewgiatvnkW
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tLgix
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c⊥2 · (c4 − c3) = 0
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tvgDx
i = 4
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p12
eLl
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p12

r bcRTW3eLnkWVU hg bkRTWuTnkWVuTnkhgwb', /.tLxTxTncW)acacW3ataPhbcitvbcheLg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acWVWbkRitbytewgTW1»x:hUXWVgiachewgitvd#ewUu-eLgiWVg5bJeLl aPewTbcheLgia leLn p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tvgix
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⊥
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⊥
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v
¦ithgTW\bktLgTfLW3g5bbkeXbcRTW
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hg5bcW3nkacW3d#bcheLg iTnPbkRTWVnkUXeLnkWL¦TacidzR>tbktLgTfLW3gwbnkWVUtvhgiabztvgTfwWVg5b tlµbkWVn tnkevbktvbcheLgtv-eL:bbkRTh¨a t>:h¨aV
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Q
hg5bceyt\d#ewW3d#bcheLg
C
evl?d#ewgThd3a~aP`6UXUXW#bknch¨d *hjbkRnkW3acu-W3dÅb bkeJbkRTW
y
1 t>:ha
*RihdzRRitMLW\W wDtbcheLgDa eLlbkRTW\leLe*hgTfleLnkU P
x2 + Ay2 + By + C = 0, A 6 0, B2 − 4AC 6 0.
'L-
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	qI Y  k:
 h! UT
QRiW
(x, y)
1+uitLgTWtv¨aPeXhg5bcWVnzacW3dÅbzabcRTWbcRTnkWVWyacuTRTWVnkW3aFhg5bcebkRTncW3Wd#hnkdVW)aV¦*hjbkRdVWVg5bcW3nka
(0, αi)
tvgDx
nztLxThh
ri, i = 1, ..., 3
¦ibkRitbytvnkWybztvgTfwWVg5b bkebcRiWdVeLgTh¨dVa evl
C
\_:hgidVWbkRTW3acWdVeLgTh¨dVaJtvgix d#hnkdVW)a tLncW
ac`6UXUWVbcnkhdC*hbcRnkW3acu-W3dÅb~bke\bcRTW
y
1»t>:h¨aV¦vb3* eyeLlDbkRTWVUtvnkWbktLgTfLW3gwb hltvgixewgT`hjl1bkRTWV`hg5bkWVnzaPW)dÅb hg
W>TtLdÅbk`=b3* e=uDewhg5bka;*hjbkR actLUXW
y
1 dVe5ewnkxThgitvbcWw QR6ia t=d#eLgihd +L"Ftvgix>tdVhnzd#WeLl~dVWVg5bcW3n
(0, αi)tLgixnktwx:hDa
ri
tLncWJbktLgTfLW3gwbhl tLgixeLgT`hl
(x2 + Ay2 + By + C) − (x2 + (y − αi)
2 − r2i ) = 0
RDtLatXx:eLiTWyaceL:bcheLghg
y
¦Th+ WL bcRiWx:hakd#nkhUhgitLgwbtvgihacRTW3aZP
δi = (B + 2αi)
2 − 4(A − 1)(C + r2i − α
2
i ) = 0.
'L-
ieLnbkRTWbcRincW3W d#hnkdVW)aV¦bcRihafwhwW3at ac`:apbkWVUØevlbcRTnkWVW>W wDtbcheLgDahg bkRTW>bcRincW3W>hgixTW#bcW3ncUXhgitbkW3a
(A, B, C)
 QRThaac`:apbkWVU h¨ahgTW3tLnhg
C
*hjbkRtgTewg01W(3WVnkedVe5W6d#hWVg5bFaPhgid#W
A 6 0
tvgix=bcR6iaRitwa
UXewncWbcRDtvgeLgTWyaceL:bcheLgeLgT`=hlbcRTWyhgiW3tvnac`:apbkWVU hg
(A, B)
{
δ1 − δ2 = ((α
2
1 − α
2
2) − (r
2
1 − r
2
2)) A + (α1 − α2) B + r
2
1 − r
2
2 = 0
δ1 − δ3 = ((α
2
1 − α
2
3) − (r
2
1 − r
2
3)) A + (α1 − α3) B + r
2
1 − r
2
3 = 0
xTe5W)aV¦)bkRitbha;eLgT`Jhl:bcRiWx:WVbcW3ncUXhgitvg5b;eLl5bkRTW dVe6W6d#hWVg5bkaevl
A
tvgix
B
¦MtLgix\bkRTW x:WVbcW3ncUXhgitvg5b;eLl:bcRTW
dVeLgiaPbktLg5b d#e6W6d#hWVg5bza tvgDxbcRTWd#e6W6d#hWVg5bzaFevl
B
DeLbcR tvgihacRFQRTWacTU evl bkRTW3acWx:WVbcW3ncUXhgitvg5bka
tLaceMtLgTh¨aPRTW)atvgixh¨aW5itL1bce
∣
∣
∣
∣
α21 − α
2
2 α1 − α2
α21 − α
2
3 α1 − α3
∣
∣
∣
∣
= (α1 − α2) (α1 − α3) (α2 − α3).
B WVgidVWtvbJW3twapbb3* ed#W3gwbkWVnza tLncWW5itv5*RTh¨dzRhUXuThW3aJbkRitb\eLgTWaPuiRTWVnkWh¨aapbknch¨dÅbk` dVeLg5bktLhgTW)x>hg
tLgTevbkRTWVn)~QRTWbcRTnkWVWacuTRTW3ncW)a bcR6iaRitMwWJgieXdVeLUXUXeLgbktLgTfLW3gwb)¦itXd#ewgwbknktwx:h¨dÅbcheLg;

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^/o +v  i
i = 1, 2, 3
im^9 Y TiN!Doz3b- Y !n Y
 Y'Y ]KSTcdTh` T SToT
dij = αj − αi 
A =
1
D
(r21 d23 + r
2
2 d31 + r
2
3 d12),
B2 − 4AC =
−1
d23d31d12 D
(r1 d23 + r2 d31 + r3 d12) (r1 d23 + r2 d31 − r3 d12)
(r1 d23 − r2 d31 + r3 d12) (−r1 d23 + r2 d31 + r3 d12),
`q\
D = d23 d31 d12 + r
2
1 d23 + r
2
2 d31 + r
2
3 d12
:
 WdVtLggTe* uTnkeLW\QRTWVewncW3U v
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 uD Y ewgiachx:W3n\leLTnx:haPbchgid#baPuiRTWVnkW3a *hbcRhg:igThbcW3` Utvg6`nkW3tLAd#ewUXUewg
bztvgTfwWVg5bka3  `m nkeLu-ewachjbkhewgiaXtvgixi¦6bkRTWd#W3gwbkWVnzaevl~tbW3tLaPbbcRTnkWVWyeLl;bkRTWaPuiRTWVnkW3atLncW\tvhfwgTW3x
q lbcRiW3acWbcRTnkWVWacuTRTW3ncW)ayhgwbkWVnzaPW)dÅbhg t>d#hnkdVWw¦;bkRTWVhndVeLUXUXeLg bktLgTfLW3g5bkatLncWbcRiWbktLgTfLW3gwbza\bce
bkRitbdVhnzd#WXhghbka\uT¨tvgTWwQ;e-WbztvgTfwWVg5b\bcehg:igThbcW3` UXtLg6` evl bcRTW)aPWXhgTW)aV¦;bcRTWlewTnPbkR aPuTRiWVnkW
Î½©ÎµÑ
 
	 !
R3
M}
RDtLa bceXd#ewgwbztvhgbkRitbFd#hnzd#W 'tvgix?¦:hl;bkRitbFdVhnzd#WJh¨ax:WVfwWVgTW3nktvbcW bcetu-eLhg5b3¦6bkRTWleLTnacuTRTWVnkW3aUiapb
RDtMLWJbcRTWaktvUXWbktLgTfLW3gwbuT¨tvgiW\tvbbcRTh¨au-eLhg5b Å QR6iatLleLTnFacuTRTW3ncW)a RDtMLWytvhfwgTW3xd#W3g5bcWVnza3
q lbkRTWbkRTncW3W=acuTRTWVnkW3ae*hjbkR tvhfwgTW3x dVWVg5bcW3nkax:e gTeLbRitMwWt d#ewUUXewg hg5bcW3nkacW3d#bcheLg¦bcRiWVg 6`
J;WVUXUt)JbcRTW3hn~d#ewUXUewgbztvgTfwWVg5bka tLncW bcRTWnkThgTf5a evlDt\achgifLW 5itwx:nch¨d RitM6hgTfJbcRiWVhn t>:ha twa~t>:ha
eLlAnkWVLewTbcheLgQeDWbktLgTfLW3gwbbcehg:igThbcW3`UXtLg6`>hgTW3a\dVeLg5bktLhgTW)x hgbkRTh¨a 5itwx:nkhdL¦1bcRTWleLinPbkR
acuTRTW3ncWyUiaPb RitMLWyhbkaJd#W3gwbkWVnJeLgbcRiWt>:h¨aevl bcRiW 5itLxTnch¨dNtLgix>tLx:W 5itbkWynktwx:hDaFtLaJx:W#bkWVnkUhgTW)x
-WVe* Å¦:RiWVgidVW\bcRTW\lewTnFaPuiRTWVnkW3aRitMwWtLhfLgiW3xd#WVg5bkWVnzaV
Y ewg5wWVnzaPW3`w¦~leLinaPuTRiWVnkW3an*hjbkR tvhfwgTW3x d#W3gwbkWVnzaXtvgix tbW3twapbeLgiWdVeLUXUXeLg bktvgifLWVg5bRitMwW
hg:igihjbkWV`UtLg5`d#ewUXUewgbktLgTfLW3gwbzaV¦-6`ac`6UXUWVbcnk`eLl ncW3Lew:bkhewgFQRTh¨aJdVeLgidVDx:W3aFbcRTWuTnce6eLl eLl
QRiWVeLnkWVU tLgixuTnce6h¨x:W3a bkRTW\igTW3nfLWVewUXW#bcnkh¨ddzRDtvnztLdÅbkWVnkh7()tbkhewg=apbztbkW3xhg _6W)dÅbcheLg L

rJa acRTe*g tv-eLWw¦:leLTnJaPuTRiWVnkW3a *hbcRdVeLhgTW)tvn dVWVg5bcW3nkaFtLgixgTe=dVeLUXUXeLg>hgwbkWVnzaPW)dÅbkhewgtwx:UXhjb
hg:igihjbkWV`JUtvg6`ncW)tvLdVeLUXUXeLg\bztvgTfwWVg5bka?hlitvgDx\eLgT` hl:bcRTW3ncWAW>:haPbkatFd#ewgTh¨d'L-k*RTe5aPW dVe5W6d#hWVg5bka
A, B, C
aktbch¨aPl`%<wDtbcheLg 'L lewntL
i = 1, . . . , 4
\QRTW3acWlewTnJW 5itbkhewgiaJtwx:UXhjbyt=aceL:bkhewg>hjl
tLgixeLgT`hjlbcRiWnkWV¨tbkhewg=ew:bktLhgTW)x=6`W3hUXhgDtbchgTf
A, B, C
h¨aactvbch¨apiW)x?AZJgTW\dVtvguT:bbkRTW\ncW)aPijb
hgbcRiWuDW3ncU:bktvbcheLghg5tLnch¨tvg5bleLnkU hgbcW3ncUaFeLlbkRTWewnchWVg5bcW)xx:haPbktLgid#W)a
dij = αj − αi
tLgixbcRTW
nztLxThh
rk
P
4
∑
k=1
r2k
∏
i6=k dki
= 0.
'v 
q»gewnkx:W3nbceeLTbktvhghg:DgThjbkWV`UtLg5` T9 d#ewUUXewg=bztvgTfwWVg5bka3¦6bcRTWd#e6W6d#hWVg5bza
A, B, C
UiaPb tv¨aPe
aktbkhaPl`bkRTWaPW3UXh{1»tvfLW3TnktLhdJd#ewgix:hbcheLgia
A 6 0, B2 − 4AC 6 0
'L}-
gievbcW)xhg 'L Å
A
tvgix
B2 − 4AC
d3tvg>-WeLTbktvhgTW)xhg>bkWVnkUaFevl bkRTW
dij
tvgix
rk
6`aceL6hgifbcRTW
ac`:apbkWVU eLlW 5itbkhewgiaV¦:twahDapbknktvbcW3xtlµbkWVn;J;WVUXUtLG6
QRTWdVtwaPWyeLllewTnJacuTRTW3ncW)ahgwbkWVnzaPW)dÅbkhgTf=hg tdVeLUXUXeLg dVhnzd#WeLnFbktvgifLWVg5b hg tdVeLUXUXeLg>u-eLhgwb
h¨a t=hUXhjb\dVtwaPWeLl~bcRTWaPhbcDtbcheLg tLDewWL¦-tvgixbkRTWVnkWV6`>aPi:opW3d#bFbce=bcRTWactLUWtvfLWVinktLhdytLgix>aPW3UXh{1
tLfwWVTnztvh¨d dVeLgixThjbkhewgiaV
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L3bnX bV0LS\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oT
ci = (xi, yi, zi)
 Y !LSTW Y !pa\ Y !
ri
i;\[KTT!p X
ST9!9H!KT!W^ gb'X STT'!y/9Hy V Y \WS- VW ! X!zSTZ Y !koTiL Y i! yI`
gb dij
dik
=
xj−xi
xk−xi
=
yj−yi
yk−yi
=
zj−zi
zk−zi
 Y
d2ij = (xj − xi)
2 + (yj − yi)
2 + (zj − zi)
2
icoW!
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QRiha uitvu-WVntvgia* W3nkat wiW3aPbcheLg>W#lµbJewuDW3gleLnaPW3LWVnztv?`wW3tLnka6`dzRitvnztLd#bcW3nch)(VhgTfbcRTWaPWVbkaFeLl leLTn
acuTRTW3ncW)aevlJtLncheLianztLx:hh *hbcR hgTigThbcWV` UtLg5` dVeLUXUXeLg bktLgTfLW3gwbhgiW3a3 QRTh¨adVeLUXuTW#bcW)abcRTW
xTW3akd#nkhu:bkhewgeLlx:W3fLW3gTWVnztLdVhW)aAlewnFd#ewUUXewg=bztvgTfwWVg5bkabkeXacuTRTW3ncW)ahg
R3

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	qI Y  k:
 h! UT
_6ewUXWyevlewTnnkW3acTjbzafLW3gTWVnztvh7(3W bkeXbcRTWd3tLacW\evl5itwx:nkhd\acTnPlNtwd#W)aV q»g>tXd#eLUXuitLgTheLguitvu-WVn ,.
*WdzRDtvnztLdÅbkWVnkh7(3WXbcRTW=lNtvUXhhW3aevl 5itwx:nch¨dVahg
P3(C)
*RTe5aPWd#eLUXUXeLg bktvgifLWVg5bzaa* W3WVu tLgTevbkRTWVn
5itwx:nkhdaPinPlNtwd#WLQRTWXncW)aPijb\evl bcRTWuTnkW3acWVg5b\uitvu-WVnytLuTuDW)tvnza\tLa\tuitvncbch¨d#T¨tvnyd3tLacWew:bktLhgTW)x 6`
dVeLgiach¨x:WVnkhgif T9 bztvgTfwWVg5bka bce T9 acuTRTW3ncW)aV=<?>6bcW3gix:hgTfewTnJdzRDtvnztLdÅbkWVnkh7()tbkhewgbke
5itwx:nciuTW)a eLl
5itwx:nkhd3aj*hbcRhg:igThbcW3`Utvg6`nkW3tvdVeLUXUXeLgbktLgTfLW3gwbzancW3UtvhgiatvgeLu-WVguTnkeLTWVU
sW)aPijbzayevlbcRTW!6hgix uTnkeLW3xhg bkRTha\uDtvu-WVnRitMwWtLuTuThd3tbkhewgia\hg bkRTWXiWV¨x evlL§"6h¨aPhThhbp`L
[hLW3gtXw§ÒacdVWVgTWw¦Td#ewUThgitbkeLnkhtL-dzRDtvgTfwW3atvuTu-W3tLnchgTfXhg=bkRTWy6hWZ* evl~tUXe5hgTfeLiacWVnkLW3ne6d3d#Tn
*RiWVgbknktMwWVnzaPhgTfacu-W3d#h¨tv?acTnclNtLd#W)a !6gTe*gtLa yZ]V9 y?V0Xb|ST A_:idzRacTnclNtLd#W)a tLncWag*WVuTb6`
hgTW3a RitM6hgifuTnkW3akd#nkh-W3xdVeLg5bktwdÅb *hjbkRbcRTWeLTopW3dÅbzaAeLl?bcRTW\akd#WVgiWL  tvnkhewiaAxitbktapbkncDdÅbcincW)aAitwaPW)x
ewg6hacitLiWVwWVg5bka3¦5h !LWbkRTW5h¨achThhjbp`d#ewUXuTW>ewn bkRTWJ6h¨aPhThhbp`Xa !wWVW#bcewga, /.+¦6RitMwWF-WVWVg=uTncewuDe5aPW)x
bkeacu-WVW3xTu6hachihhjbp`dVeLUXuT:bztbkhewgiaV~QRTWy1 x:hUXWVgiacheLgitLDW3W3UW3g5bkaevlbcRTW)aPW\apbkncDdÅbcincW)atLuTu-W3tvn
twax:h¨acdVncWVbcW hgTW3abktvgifLWVg5b?bkeleLTn;eL:opW)dÅbka3DtvhhgTfbkencW)d#ewfLgTh)(VW bkRitblewTn;ew:opW3d#bkatwx:UXhjbhg:DgThjbkWV`
UtLg5`bktLgTfLW3gwbhgTW3aW)tLxTabce W3ncnkeLnza\hgbcRTWd#eLUXuTTbktbkhewgiayeLlbcRTW)aPWbp`6u-W3aevlFxTtbzt aPbcnkidÅbkTncW)aV
B WVgidVWL¦vnkW3dVeLfwgTh7(3hgifdVeLg:ifwTnztbcheLgDa;eLlileLin~eL:opW)dÅbka2*hbcRXhg:igThbcW3`Utvg6`ybktLgTfLW3g5bhgiW3a~h¨a~d#nkid#h¨tv
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